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Optical Scintillation;

A Survey of the Literature

Jurgen R, Meyer-Arendt and Constantinos B. Emmanuel

In this Technical Note, main emphasis is placed on providing

the reader with an exhaustive survey of the literature, cover-
ing the field of effects of atmospheric refraction on the propa-
gation of electromagnetic radiation at optical frequencies.

One may distinguish systematic, regular, or normal refraction
on the one side from random refraction on the other. The former
can be predicted theoretically, using various types of atmospheric
models; the latter requires analysis by statistical methods.

Numerous observational, experimental, and theoretical aspects
of random refraction, that is, of scintillation in its widest sense,
are discussed. The following topics are dealt with: refraction in
plane and in spherically stratified media, refractive index varia-
tions, radio refraction, scintillation as a function of aperture size,
zenith distance, site location, dispersion, and meteorological con-
ditions, the frequency spectrum of scintillation, terrestrial scin-
tillation, image distortion and contrast reduction, refraction and
diffraction theories of scintillation, autocorrelation analyses,
radio star scintillation, and coherence problems. Questions of
atmospheric scattering, absorption, and depolarization are
excluded. Finally, a brief review is given concerning newer
experimental methods for the observation, recording, and anal-
ysis of optical scintillation, including suggestions as to what
further theoretical and experimental efforts should be undertaken,

1. Introduction

All refraction in the atmosphere is based on the fact that the atmosphere of the
earth has an optical refractive index that is different from that of a vacuum and, further-
more, that the refractive index within the atmosphere also varies with space (and in part
with time). This accounts for a variety of refractive phenomena which for a thorough under-
standing, as we will see later, require refraction as well as diffraction theory. .

We divide refractive phenomena occurring in the atmosphere into two large groups,
depending on whether the effect is systematic or random (fig. 1). In a systematic effect we
assume that the refractive index of the air not only changes as a function of altitude, but that
it does so in a theoretically predictable fashion. Light coming from a distant source and

reaching the observer inside the atmospheric envelope of the earth will then not propagate

1. The research described in this Technical Note was sponsored by the U. S. Air Force
Electronic Systems Division, Laurence G. Hanscom Field, and the Mitre Corporation

Bedford, Massachusetts, under contract no, AFESD 63-311.



LIGHT FROM STAR

NORMAL REFRACTION

/

RANDOM REFRACTION——™

Figure 1

Normal refraction and random refraction of light passing

through the atmosphere of the earth,



along a straight line, but in a curved path. This effect, called Regular Atmospheric Refraction,

is seen in a number of optical phenomena. A mirage, or fata morgana, and looming are two
common examples. Another example is the apparent flattening of the sun at sunrise or sunset,
an effect that is observed easily from the ground, but seems to be much enhanced when seen
from an orbiting satellite, .

In addition to such systematic refractive index variations and to the overall bending
of light bundles, there are small scale, random changes present associated with turbulence.
These are responsible for the (angular) scintillation of the stars, called twinkling. This is

the effect of Random Refraction. Note, however, that the term '""random'' is being used here

somewhat more generally than justified; if these inhomogeneities and the resulting optical
effects were completely random, no further conclusions could be drawn, which, as we will

see, is not the case,

2. Regular refraction

2.1. Refraction in a plane stratified medium

The refraction of light in a plane stratified medium has been discussed by numerous
authors. We mention only Humphreys [19407, Wolter [19567, Stirton [19597, Newcomb [19607,
Smart [19607, Wait [1962],and Chen [1964]. We follow, in part, Wolter [1956], and Baker,
Meyer-Arendt, and Herrick [19637], and assume that the refractive index n varies in one
dimension only, for instance in the vertical direction, so that n = f(z). Consider the medium
to be made up of a series of thin horizontal layers, the refractive index in each layer being
constant and highest in the layer near the bottom. Let the index in the bottom layer be called
nl, as in figure 2a, nZ in the next higher layer, n3 in the third layer, and so on. If we call
a5, the angle of incidence at the (1, 2) boundary and BIZ the angle of refraction at the same
boundary, we have for the transition from the bottom layer to the second layer

(1)

nl sin alz = nz sin 812 = nZ sin a23 "

A similar equation holds for light traveling in the opposite direction. If the light enters the

layered medium from an outside medium of index no and at an angle of incidence 6 , then
no sin § = n(z) sin a(z), (2)
where z is the height above ground. For a given outside medium and a given initial angle

of incidence, then,

n (z) sin a(z) = constant, (3)

2. As reported in 1963 by astronaut L. G. Cooper after his 22-orbit mission.
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Refraction of light at a boundary,



which means that, if n changes continually with height and monotonically, o will change as
well and the light bundle will proceed in a curved path. The shape of this path is a parabola
and, at least for linear variations, similar to the path of a projectile in a gravitational field,
a similarity which is by no means accidental. In the atmosphere of the earth, the refractive
index n decreases with height; therefore, the gradient vector Vn points downward, toward
the center of the earth, and light from a star or other celestial object is bent concavely toward
the earth.

Suppose the medium consists of an indefinite number of infinitely thin strata, each of
thickness dz. Let P be the point at which a ray intersects the boundary between any two
consecutive strata (fig. 2b). The angle of incidence at P is called 8+ T, B is the angle of
refraction (not shown), and T is the change of direction which the ray undergoes while passing
across the boundary. If we call n and n+ An the indices of refraction of the two boundary
layers, we have

(n+ An) sin (B+ T) = n sin B,

so that T, the angle of deflection or schlieren angle, is given as

T =22 wng. (4)
n

We now assume that all deviations are small so that the light path approximates part
of a circle. The schlieren angle T and the radius of curvature r of the light beam can then
be found from the following considerations: Assume that the light bundle is entering the med-
ium horizontally as shown in figure 3 and that it has a width Az. The refractive index of the
medium decreases in the + z direction, but it does not change in the direction of propagation
of the light. Wavefronts in the light bundle are represented by dashed lines, If there are m
wavefronts inside the area shown, the arc representing the upper boundary will be

As = m)
and the lower boundary will be

As' = m)'.

If )\0 is the original wavelength of the light and n and n' are the refractive indices
of the medium at two points on the z axis, the lengths of the arcs limiting the field are given

by

Xo
AB = m) = m—h— (5)
d
an )‘0 )
As' = m)! = m— = As o (6)

The lengths of these arcs depend on the radius of curvature r and on the schlieren angle T
b
2 4 As = r T (7)
and

As' = (r - Az)T. (8)
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Deflection of light, entering from the left and

passing through a stratified medium.



Subtraction gives

As - As' = TAzZ.
Since
)\o )‘o n' - n
As-As':m——m—'=m)\ -
n o nn
and since
m X' = nas,
o
n' - n n
AS-AS':nAS(—;—nT'>=(l-;1—‘>AS, (9)
so that
1 n
vz (o) as
B D As
Az n' 5
An 1
= A_Z F as . (10)
For infinitesimally small changes of n, we have
T = L V n As.
n z

(11)

The radius of curvature

r of the bent light bundle is obtained by combining (6) and

(8) so that
As;:—, = {r=24Az2) T
Replacing As by (7) gives
n
r'r; = (r - Az) T,

and canceling T and solving for r yields

e (12)
1. n

—~ ()

If we denote by s the length measured along the (curved) path, then the radius of curvature
is given by the differential equation

— (14)
where ds is the element of length of the ray. The path of light in a nonhomogeneous medium

can also be derived from Fermat's principle. For details see the Appendix of Williams' report
no, 3 [1954 a.



We have, so far, followed a two-dimensional convention. Naturally, a light bundle has
depth and propagates in three-dimensional space, so that the optical path gradients describing
the schliere can point in any arbitraty direction in space. We consider separately the x, y, and

z components of any refractive gradient vector Yn. These are given as

dn 2 3n (15)

If a line is drawn through the gradient field so that along this line the rate of change of the
refractive index, dn/dL, is greatest, then the direction of dL must clearly lie in direction

of vn. The numerical value of dn/dL will then be equal to | Vn | ’

d_n> = | vn |
dL / max :

If we choose instead to move in a direction perpendicular to vn, the cosine of the angle sub-
tended by the direction of motion and the gradient vector will be zero and we find that dn/dL =
0 or n = constant,

For any arbitrary orientation in three-dimensional space, the schlieren angle will be,

following (11),

_ 1 7~ 23n ~0n | A 31 N
lTl_n<x +yay+ZBZ>As
(16)

:l va ° As .
n

For light propagating along the x axis, it is sufficient to resolve T into two components, T
and Ty > These are covariant; they can be obtained by rotating the coordinate system about

the x axis. Therefore,

T ¢ vV nAs; T = A gnas. (17)
y n vy z n =z

These two component angles are found, following Wolter [1956], to a first approximation by

integration over the thickness x of the medium:

xo a
T = f l = dx
y 0 n 3y o
and (18)
& I )
T o= f = £ ax_ .
z 0 n 3z o

2.2. Refraction in a spherically stratified medium

At larger zenith distances, the atmosphere can no longer be considered stratified in
plane layers. Spherically stratified media, in general, may be either of rotational symmetry
with respect to one plane, like a cylinder, or they may be rotationally symmetric to any plane,

such as a sphere.
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Figure 4

Refractive gradient in a field of rotational symmetry.



We restrict our discussion to media in which the refractive index is highest at the
center, gradually and monotonically decreasing toward the periphery and to true refraction
phenomena. That is, we exclude scatter, which, among other causes, may also contribute
to the bending of a light beam. For further details on the theory of propagation of electro-
magnetic waves through stratified media of rotational symmetry see Baker [1927], Sweer
(19387, Humphreys [1940], Brocks [1949], Liepmann [19527, Hanson [1953, 19587,
Sommerfeld [1954] Williams[1954a], Stirton [1959], Newcomb [19607, Smart [1960],
Mahan [19627], Wait [19627, and Lawrence, Little, and Chivers [1964]7.

Let us assume, as stated before, that the refractive index is linearly and inversely
proportional to the radius, n < 1/r, so that the refractive index gradient Vn will coincide
with any one radius. Further assume that the field is rotationally symmetrical with respect
to the y axis (fig. 4). Thus,the inhomogeneity has the shape of a cylinder and has refractive
indices which are a function of the radius only so that n = n(r). Since the cylinder axis lies

in the y-direction,

r = x2 + zZ
and
dn dn
—_— = ¥ = e— ==
dz zn dr T (19)

For a light ray passing through the medium at a distance z from the cylinder axis, the

schlieren angle, following Wolter [1956], will be

=22 P L ax. (20)

In a field of spherical rotational symmetry, all points of equal distance from a point
of origin have the same refractive index. Therefore, rotational symmetry not only exists for
the y axis, but for the x and z axes as well. Hence, any cross section through the center
contains the characteristics of the whole field. The evaluation of just one cross-section,
therefore, suffices and is representative of the whole field.

We had mentioned before the equation of a curved ray in a field of non-uniform and
monotonically changing refractivity

rn sino = constant, (21)

where o is the angle subtended by the refractive gradient vector Vn and the tangent at a
point P on the ray. Depending on the variations of n, the ray can follow a variety of tra-
jectories., Since

| on | sin a = s,
where s is the distance from the center of the sphere to the tangent, (21) can be written as

rn sin ¢ = ns = constant, (22)

which is called Bouguer's formula.

10



Figure 5

Apparent (¢) and true zenith distance (Zo) of an object at

finite distance from the earth. Note definition of angle §&.

11



Let us consider in more detail the refraction of light through the atmosphere, taking

3
into account only large-scale variations.” We assume first, that the atmosphere is made up
of thin spherical layers which are concentric to the earth's surface. Let Zo denote the
angle of incidence, at the uppermost boundary of the atmosphere (the fictitious boundary

beyond which no significant refraction takes place), of a ray from a star that finally reaches

an observer at the surface of the earth. Then Z0 is called the true zenith distance of the
star, the true zenith distance being defined as the angle which light from the star makes with
the vertical of the observer's station before it enters the atmosphere. If there were no
atmospheric refraction, the object (here at a finite distance) would be seen by the observer
in the direction OP (fig. 5).

If n, is the refractive index in the uppermost layer and n, the index near the

surface of the earth, then

n sin Z = n_ sin “
o °F o e ¢
But no = 1, so that

sin Zo = B, sin C, (23)

where ( is called the observed zenith distance. The observed or apparent zenith distance of

a celestial object is that of a light ray coming from the object when it reaches the observer.
Note that the observed zenith distance is always less than the true zenith distance. The angle

Zo - ( is called terrestrial or atmospheric refraction,4 denoted R. Then

sin ((+R) = n, sin (

G
or
sin ( cos R + cos ( sin R = nG sin C .
Now R is a small angle and we can write cos R = 1 and sin R = R (R being expressed
in radians). Thus
sin { + R cos C:nGsinC

or

R = (nG -1) tan C . (24)

3. Small-scale variations, which may also be called micro-structure of the atmosphere, are
considered those which are due to random variations of the refractive index. These will
be discussed later.

4, Since this effect is by no means restricted to the planet earth, the term ''atmospheric' is
preferred. Note also that calling R "angle of refraction' is misleading since this term,
in geometric optics, is commonly assigned to the angle subtended by a refracted ray and

the normal to the boundary at the point of refraction.

12



Figure 6

Refraction of light in a spherical model.
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We see, thus, that at least near the zenith, the atmospheric refraction is propor-
tional to the tangent of the observed zenith distance. For an apparent zenith distance of
C = 45°, term R is called the '"constant of mean atmospheric refraction', which has an
approximate value of

R ~ 58".2 tan (.

Bouguer's formula describes, at least approximately, the paths of light rays and
radio waves in the atmosphere. On the horizon the deviation of light due to atmospheric
refraction amounts to about half a degree, the angular diameter of the sun. Thus at sunset,
the sun is seen still above the horizon when, in the absence of atmospheric refraction it
would have just disappeared below it. Another example of a rotationally symmetrical non-
uniform medium is the lens in the human eye the refractive index of which is higher at the
center than at the periphery.

If (r, 6) are the polar coordinates of a plane curve, then angle Z0 between the

radius vector at a point P on the curve and the tangent to the light ray at P (fig. 6) is

given by
: r (6)
sin Z . (25)
2 d 2
[ @ ()
It follows that
dr r 2 2 2
TEE T A./n r - k i (26)

where k is a constant, The equation of rays in a medium of spherical symmetry may there-

fore be written in the form
r
dr
0 = k J‘ . (27)
: 2 A/nz r2 - k2

Smart [1931] has shown that if the refractive index of the atmosphere is a function
only of the height z above a spherical earth, then Snell's law can be adapted to a spherically

stratified atmosphere and be written as

nr sin Z = n.,r cos ¢ . (28)
o o

G

Here n is the refractive index at distance r from the center of the earth, nG is the refrac-
tive index at the ground at a distance r, from the center of the-earth, ¢ is the elevation
angle, and Z0 is the angle subtended by the radius vector and the tangent to the light ray,
shown before in figure 6.

Let C in figure 6 be the center of the earth, O the observer, and OZ the

direction of his zenith., Light coming from a star will assume a curved path and will lie in

a plane determined by the incident ray and the normal at point P to the surface of the earth.




The true zenith distance Zo of the star at P follows from Snell's law as
n sin Zo = n sin ¢, (29)

where n and n, are the refractive indices just outside and inside the spherical shell given

by point P. In the triangle CP'P, we see from the law of sines that

sin ¢ _ sin ¥y
CP! CP

Combining these last two equations gives

n . .
sin ¢ = =5 sin Z = = CP!?
n o a——
b CP
so that
e —~
. _ " s
n CP sin Zo n CP' sin ¥
=mn, 1 sin C , (30)

where r, is the radius of the earth. This means that, for any rotationally symmetrical
system, the product of the refractive index, the radius of curvature of the layer boundary,
and the sine of the angle of incidence is a constant for each of the (hypothetical and infinites-

imally thin) layers, Differentiation, following Valentiner [1901 1 and Mahan [19627, gives

A% = -munZ B _png & (31)
(e} [e] n o b o

The increase in the angle of incidence Zo in going from one layer boundary to the next higher
boundary is then made up of a positive part due to the deviation produced by the atmospheric
refraction and a negative part due to the rotation of the radius in going from one surface to a
higher surface. If we now impose limits corresponding to the complete ray path from the
earth out to the star, we see that the atmospheric refraction R at point P introduced by

the atmosphere between the star and the observer is

R =2 -¢

n, r sin
L - (32)

n
:-6+J;GJ 2 "

2 2 2 .
ng (ro+z) - n_, r sin (

This equation is the refraction integral in its most general form, in which the object and the
observer can be at any arbitrary height z above the surface of the earth. For any arbitrary
apparent zenith distance (, the atmospheric refraction R depends on the refractive index
n_ at the position of the observer, on how the refractive index changes with the height above

G

the earth, on the refractive index n_ at position P, and on angle § (fig. 5) which represents

P

15



the angular distance between the apparent and the true direction of point O on the earth as
seen from the star.
The problem is much simplified if the celestial object is at a distance much larger

than the radius of the earth so that the refractive index in the vicinity of the object is unity and

if § << 1°. Then

n n. ¥ sin (
R=[© L & (33)

1 n (ro + z)2 - nGZ roZ sinZ C -

This is the general refraction integral derived independently by Newton, Bouguer,
and Simpson [Mahan, 19627]. This form of the refraction integral has served as the fundamen-
tal equation from which esser_xtially all the theories of astronomical refraction have been
derived. In order to determine R for a given apparent zenith distance ( , one needs to know
only the refractive index at the position of the observer and how it changes with height or,
more precisely, with pressure, density, temperature, and relative humidity of the air. These

changes and related problems will be discussed in the next Chapter.

2.3. Optical refractive index and refractive index variations

The refractive index in a vacuum, by convention, is set equal to unity. All material
media, then, independent of whether they are solids, liquids, or gases, will have indices of
refraction greater than unity.

According to elementary physics, the velocity v at which monochromatic light is
propagated in an homogeneous, isotropic, nonconducting medium is

v = =, (34)

where c is the velocity of light in free space and n is the index of refraction of the medium.
For a gas, the refractive index is proportional to the density p of the gas. This is

expressed by the Gladstone-Dale relation
n -1 = k p (35)

where k is a constant, depending on the wavelength of the light, Another relationship is

given by the Lorentz-Lorenz formula,

nz-l

—3 ——— = constant. (36)
(n” + 2) p
The refractive index also depends on the pressure and temperature of the gas:
= E
n =1+ k2 T * (37)

Here k2 is another constant.
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For convenience, frequently a scaled-up value called refractivity or refractive

modulus, denoted by N, is used:

N=(n-1 x 10°, (38)
For a vacuum, N = 0. At optical wavelengths,
N ~ 79 %, (394)

where the pressure p is given in millibar and the temperature T in °K. In units of milli-

meters, Hg’ we have

N = 105PT— " (39B)

Barrell and Sears [19407] have deduced the relation

p(l+8.. p)
N § R, emermt. (40)

3 l+a T
where k_ is a constant that depends on the wavelength, BT depends on the compressibility
of the air, and a is the theoretical expansion constant for a perfect gas (a = 0.003661).
The value of BT was found to depend linearly on T for temperatures from at least 10° to
30° C.
The local refractive index gradient is proportional to a coefficient K, which in turn,

following Brocks [19507, is given by
K = 5,032 (3.42 + >=)sin = K sin C . (41)

TZ 3z

The value of 5.03 is a constant which depends on altitude, latitude, and time and 3. 42 is the
relation between the gravitational constant and the gas constant (and a function of location),
p is the air pressure in millibar, T the temperature in °K, 3T/dz is the vertical air
temperature gradient measured in °C/100 meter and considered negative when decreasing

with increasing height, and ( is the observed zenith distance.

5. In this Technical Note, most dimensions will be given in metric units.

1 meter = 39,3700 inch = 3,281 ft.

1 kilometer = 3281 ft. = 0.62137 mile
1 ft. = 0.30480 m.

1 mile = 1,60935 km.

For other values, consult a conversion table.
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Near the ground, K depends primarily on 3T/3z . It vanishes for a temperature
gradient of - 3.42°C/100 m [Brocks,1950]. For higher values, K becomes negative, that
is, the light ray will be bent concavely upward, opposite to the curvature of the surface of the
earth, For temperature gradients less than - 3.42°C/100 m and for temperatures which
increase with height, the refraction coefficient becomes positive and the light will be bent in
the same sense as the earth's surface,

In more general terms, we have, following Brocks [1952],

b o

5 - BB
K = - 3z sin ¢, (42)

where E. is the radius of the earth and ( the zenith distance. For nearly horizontal rays,

we have
N p 3T de
°1 Tooo * 2 Tooo 23z T 3 3z ¢ (43)
where e is the humidity, or partial water vapor pressure, of the gas. The constants C 2 Sy
and <, depend primarily on the air temperature, and only to a much smaller degree do they

depend on the vapor pressure,
The connection between variations of refractive index and temperature is given by
a simple formula, following van Isacker [1954], which relates the standard deviations O’n

of the refractive index and of the temperature OT , at the 10 km level, by

-5
. 6.8 x 10 P N -7
o, TZ GT ~ 4x10 Ope

Humidity, in the range of optical frequencies, has a rather small influence on the
density and the refractive index of air. At radio frequencies, this influence is much greater
and, in fact, forms the basis of water vapor determinations by radio refractometry.

In terms of pressure, temperature, and humidity, the density p of a gas is given
by

= =2 (1 + 03rr 2y (44)
= To ’ p

where Q is the gas constant. The refractive index, following Kazansky [1959], is

no= 1 % 10485 x 10°° —-fl’,— (1-0.132 E), (45A)

where p and e are in mm Hg. In units of mb, we have

e

n= 1+ 0787 x 1008 & (1 - 0.132 p). (45B)

T

Humidity affects the refractive index in two ways: indirectly, by way of density as just shown,

and directly, due to the difference in the light refracting properties of dry air and water vapor.
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In general, the partial pressure of water vapor is small. At 20°C, the water vapor
pressure is 17. 5 mm Hg. With a relative humidity of 50 per cent, the partial vapor pressure
is 8.8 mm Hg or about 1 per cent of the total pressure at standard atmospheric pressure, a
value which would require a correction of the refractivity by 0.12 per cent. At high moisture
contents, the error will be larger and could mean, for geodetic purposes, errors of the order
of several seconds of arc. Techniques of humidity determinations have been described by
Westwater [19467, Elsner [1955], and Gerrard [19617. Gutnick [19627] has listed the mean
atmospheric moisture profiles up to an altitude of 31 km.

The relative importance of temperature and water vapor pressure for the refractive
index of air can be obtained from a ratio of the partial derivatives of the index of refraction
with respect to each of these two variables. Calculation shows that a 1°C change in tempera-
ture will produce a change in refractive index approximately equal to the change produced by a
28-mb change in vapor pressure,.

The composition of the air, likewise, has a very small effect on its refractive prop-

erties. Williams [19537, using refractive index values from the Handbook of Chemistry and
Physics, obtained a variance of about 2 x 10-16, so that the standard deviation of the refrac-
tive index is about 1.4 x 10-8. Carbon dioxide is perhaps the only compound that might con-
tribute. The COZ content of the atmosphere varies as a function of time and location. The
yearly increase in refractive index, due to an increase in COZ content, is of the order of
10_10. The CO2 content over land is higher than over ocean areas, increasing the refractive
index by about 6 x 10_8. Ozone also has some influence. All of these variations, however,
are so small that usually they can be neglected. A detailed discussion of the composition of
the atmosphere is found in the Pittsburgh University reports [1952-537,

Essen [1953] has determined the refractive indices of water vapor, air, O_, N

2 2
DZ' and He. A complex formula, containing not only the wavelength but also temperature,

) sz

atmospheric pressure, and concentration of water vapor and of carbon dioxide, has been given
by Masui [195771.

The best value used currently for the refractive index of air at p = 760 mm, T =
0°C, and )\ = 5455 A (about the center of the visible spectrum) is, according to Stirton
[1959],

n = 1+ 292.44 x 10°°, (46)

The preceding discussion has shown that the atmosphere has a variable refractive

index which is a function of space (x,y, z) and time (t), so that
n = n+ An (x,y,2,t). (47)

At optical wavelengths, the fluctuating part An (x,vy, z,t) is of the order of 10_6 for tempera-
ture changes of AT = 1°C., The average index n also is not constant, but varies slowly

depending on the prevalent meteorological conditions. In contrast, An varies rapidly.
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These small-scale fluctuations are the ones which are responsible for scintillation. They
will be discussed in detail later in this Technical Note.

The term dispersion denotes the fact that the magnitude of the refraction of light is
a function of wavelength. According to Barrell and Sears [19407, . and Williams [1953], the

refractive index n of air for monochromatic light of frequency v is given by

2 k
1 A =1 i
= |2 = E - (48)

where p is the density of the air, the Vi are the resonance frequencies, and the ki are
constants. This equation is similar to the general dispersion equation as it occurs in the
Lorentz theory of electrons-and is valid for frequencies not too close to the resonance frequen-
cies of the various component gases in air. These frequencies are marked by absorption
bands in the air spectrum.

Considerable effort has been made to approximate the factual refractive properties

of the atmosphere by theoretical models. In about all cases the model atmosphere is assumed

to be spherically stratified. A spherical model derived by Lord Rayleigh as early as 1893 is
satisfactory for many purposes but does not account for very small elevation angles (for
details see Humphreys [19407). Harzer [1922-24 ] has developed a theory of astronomical
refraction which for the first time was based on meteorological measurements, The main
point in Harzer's theory is that, if one knew the average temperature and the partial pressure
of each of the gases including water vapor at all levels in the atmosphere, one can compute
the refractive index as a function of height throughout the atmosphere. Harzer did this,
through 61 assumed boundary layers, up to a height of 84 km, beyond which the deviations
were reduced to less than 1/1000 of a second of arc.

Further refinements were made by Wiinschmann [1931], who compared these compu-
tational data with results derived from other theories. Wiinschmann also took into account
large temperature gradients over cities and deviations due to climatic and other meteoro-
logical factors.

Certain atmospheric models are based on the concept of the equivalent or effective
earth radius which has been found useful in radio propagation. In others, bending of the rays
is compensated for by assuming a distorted space where the light travels along straight lines
but where the coordinates have been modified.

Extensive work on theoretical models of the atmosphere which cannot be reviewed
here in more detail has been carried out by Willis [19411, who has computed astronomical

refraction, taking into account pressure, humidity, gravity, height, wavelength, and other

6. Socher [19517 has recalculated, and given some corrections of, the refraction constants

for astronomical use published by Barrell -~ Sears in 1939.
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Table I.

Astronomical Refraction (from Dietze 1957).

Apparent elevation Astronomical Apparent elevation Astronomical
angle refraction angle refraction
3" 18.2° 10° 5,31
2.5° 16.0' 11° 4.8
3° 14, 3" 12° 4.6
3,5° 12. 8" 14° 3.8
4° 11,6 16° 3.3
4,5° 10.7' 18° 2.9
5° 9.8 20° 2.6
5.5° 9.0 25° 2.0
6° 8.4 30° 1.7
6.5° 7.8 40° 1.2
2 7.3 50° 0.8
7.5° 6.9 60° 0.6
8° 6.5 70° 0.4
8.5° 6.1 80° 0.2
9° 5.8 90° 0.0
9.5° 5,5
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Refraction corrections 8¢ as functions of height for various

apparent elevation angles €, [ from Stirton, 1959].
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parameters. Hagihara [1936] and Sugawa [1955] have computed astronomical refraction

from meteorological measurements. Further results published are known as the U.S. Stand-
ard Atmosphere [ Hess, 1959], the WADC 1952 model atmosphere, the model atmosphere
based on the Rocket Panel data, 1952, the ARDC model atmosphere [Minzner and Ripley,
19567, and as the ICAO standard atmosphere. Other reports are those by Hanson [1953, 19587,
Dubin [1954], Williams [1954 a, b], Gerrard [1961], Mahan [19627], Sperry Gyroscope Com-
pany [19627, Brocks [19637 and Henderson [1963]. Extensive tables are found in Gifford
[19227, Haurwitz [1941], Geiger [1957], and Dietze [19577] (see Table I).

Saunders [1963 Thas computed and tabulated variations with altitude of the density of
the atmosphere. Refraction angles are obtained as functions of the altitude and of the apparent
zenith distance of a luminous source. At large altitudes and at zenith distances up to 86°,
these values agree with Bessel's astronomical values, the maximum discrepancy being 2 out
of 726 sec of arc.

Stirton [19597] has published a set of useful formulas which are particularly helpful
for use with digital computers. An illustrative plot of the refraction correction &¢ as a
function of height for various apparent elevation angles € derived with the help of these
formulas, is shown in figure 7. (The refraction correction &¢ is the angle between the
apparent ray path and the ray path outside of the effective atmosphere, T E r, + 100 km.)

As we see, extensive work has been done in this area. However, any theory is
bound to be somewhat deficient until the influence of horizontal refractive gradients is taken
into account as well, True, these horizontal gradients are much smaller than vertical grad-
ients, but explicit solutions of the equations of a ray path through a model atmosphere can be
obtained only under restrictive assumptions as long as the theoretical predictions are not
supplemented by empirical observations. This argument will be discussed further in Chapter
3.18.

2.4. Radio refraction

The refraction of centimeter and radio waves passing through the atmosphere has
been the subject of numerous investigations. We discuss this subject here only insofar as it
is relevant to the optical problem on hand.

In the temperature range from -50° to +40°C, the refractive index n for radio
waves in the centimeter range can be expressed with negligible error as a function of the
pressure p in the atmosphere, the absolute temperature T, and the water vapor pressure
e as

-6 P e
n-1=10 a3+ 520, (48A)
( T T2>

For the radio refractivity [defined as before as N = (n - 1) x 1061 we have
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Nefo-1320° =a £ &b -2—

7.6 -1P,— + 3.73 x 100 =, (48B)

2
T

where a and b are constants which have the numerical values shown, p is the total atmos-
pheric pressure in millibars, T is the absolute temperature in degrees Kelvin, and e the
partial water vapor pressure or relative humidity, also expressed in millibars. This equation,
in this form, had been originally derived by Schulkin [19527. Other authors who used this and
similar relationships were Essen and Froome [19517, Birnbaum and Chatterjee [1952],
Harrison and Williams [1955], J. R. Williams [1955-f], Bean and Cahoon [1957], N. R.
Williams [1959], Bean [1960], Bean and Horn [1961], Tatarski [1961], McGavin [1962],
Bean and McGavin[ 1963a], Norton [19637], and others. Gardiner [1964]has summarized the
bending of radarbeams in the lower atmosphere, also giving numerous equations, tables,
correction curves and nomograms.

One sees that the refractivity is composed of two terms7, a dry term D which for
standard conditions is about (77. 6p)/T A 280 and a wet term W, or (3,73 x 105 e)/T'2 ~ 40.
Each term can be considered separately as a function of height. The first term applies to
optical as well as to radio frequencies; the second, or explicit water-vapor, term is required
only at radio frequencies. The refractivity equation is frequently written in the equivalent
form

N = (ou-810° = —7—7-'1,—6 (p + 4.81 x 10° eT). (48C)

Another approach is to specify atmospheric refraction in terms of the angle through
which a radio ray turns as it passes through the atmosphere. This angle, called bending and
designated T, is the angle subtended by the two tangents to the ray at the two points under
consideration and is essentially identical with the schlieren angle. The bending Tl. 2 of a
radio ray passing between two layers in the atmosphere which have indices of refraction n,

and n, can be derived from Snell's law for a spherically stratified atmosphere,

n, r, cos g, = n, r, cOS g, (49)

7. The more complete equation, according to Harrison and Williams [19557 and Bean [1962]
= N=(n-110"=77.6 B4+ 72 5+ 3.75x10° =,
3 T 2
T
Since the second term on the right-hand side of this equation, ordinarily, is about 1% of the
third term, the two-term expression given before is sufficient for most purposes. It gives
the values of N to within 0.02% of the three-term equation for the temperature range of -50°

to +40°C. The relative contributions of the first and third terms are approximately in the

ratio of one to e/60, with e measured in millibars,
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where €0 €, are the elevation angles at different heights above the ground. Smart [1931]

has shown that

dr B rdi N
- ctg ¢ = . = dé
and
d
dt = -2 ctg €. (50)
n
Integration gives

n
2 dn

Tl,Z ~ I -y ctg ¢, (51)
™

where ¢ is the angle of elevation subtended by the tangent to the radio ray and the tangent to
a sphere concentric with the earth's surface, The bending T , by definition, is called posi-
tive when downwards [Bean and Thayer, 1959c; Bean, 1960, 19627.

Model atmospheres for radio refraction. The principal difference between light-

optical and radio refraction is the by far larger contribution of water vapor to the refractive
index of air at radio frequencies. Otherwise the same reasons, and restrictions, govern the
use of atmospheric models for a prediction of radio ray bending.

Still, the assumption is made that the atmosphere is horizontally homogeneous. In
fact, Bean and Cahoon [1959] found that azimuthal, or horizontal, bending at heights greater
than one kilometer above the ground is almost absent. Even in air masses near weather
fronts and land-sea interfaces where horizontal bending would likely be most pronounced,
the effects were rather small and, in fact, essentially negligible for all except the lowest
elevation angles (¢ < 2°).

After Schulkin's [1952] derivation of the fundamental radio refraction equation, it
has become almost customary to present the refractivity N in terms of an ""effective earth

radius'" which differs from the true radius by a factor k. For low angles of elevation,

kK = ———=5—": (52)

H
(%
N B

where r' is the local earth radius, often assumed to be 6380 km. Normally, 3n/3z is nega-

6km-l. Furthermore, if we assume that this gradient is

tive and of the order of -40 x 10
constant with height, a numerical value of k = 4/3 is obtained [for a discussion see Bean
and Thayer, 1959c; Bean, 1962].

Further work has shown, however, that the 4/3 earth model has serious short-
comings especially with regard to the assumption that 3n/3z is constant with height, which
would mean that n decreases linearly with height. In fact, at low altitudes, up to about

16 km, the 4/3 model gives too little bending, while at high altitudes it gives too much. A

better representation is given by an exponential reference atmosphere [Bean and Gallet,
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1959; Bean and Thayer, 1959; Bean, 1961; and Thayer, 19617. Here the radio refractivity

N, as a function of height z, can be predicted from an equation

N(z) = [n(z) - 1] 106 = Do exp {-Hi}+wo exp {--ﬁ—}. (53)
d w

The first term on the right-hand side of this equation, D, is the component of the refractivity
due to oxygen,and the second term, W, is the water vapor component. The values of the dry
and wet components at the earth's surface are D0 and Wo. The scale heights of D and W,

respectively, are H,k and Hw. The term scale height is defined as the height at which the

d
magnitude of a particular atmospheric parameter has decreased to 1/e of its surface value.
The scale heights Hd and HW are sensitive indicators of climatic differences, and maps of
each are given for the United States for both summer and winter. Bean [1961] has listed

typical values for arctic, temperate, and tropical locations (table 2).

Table 2. Typical average values of the dry and wet components of

the radio refractivity N [after Bean, 19617.

Climate D w N
o o
Arctic 332.0 0.8 332.8
Temperate 266.1 58.5 324.6
Tropic 259.4 111.9 371.3

One sees that the contribution of the wet term Wo to the total value of N is nearly
negligible in the arctic, but becomes greater as one passes from temperate to tropical cli-
mates., This is easily understood if we consider that the higher temperatures of the temper -
ate and tropical climates, as compared with the arctic, provide a greater water vapor capac-
ity, with the result that W0 will contribute more to the total N,

Further progress has been made by finding that there exists a relationship, to a very
good degree of approximation, between the variation of n with height above the surface and

the surface value n_. of the radio refractive index [Bean and Thayer, 1959a,b; Bean, 1960;

Bean and Thayer, 1‘?63; 1liff and Holt, 1963]. From there, an exponential model of the atmos-
phere has been developed and adopted for use within the National Bureau of Standards which

is known as the Central Radio Propagation Laboratory (CRPL) Exponential Reference Atmos-
phere. The reference atmosphere is a function of a single, easily measured variable, NG’

the surface value of the radio refractivity, and provides 2 useful solution to the problem of

the prediction of atmospheric radio refraction. The accuracy of this model for predicting
average radio refraction effects is illustrated by figure 8, where values of angular ray bending
are plotted against height for rays starting at zero elevation angle. Further comparisons with

precisely determined absolute radio refractive indices in the lower atmosphere have been made

by Bean and Thayer [19637.
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Figure 8
Comparison of observed long-term radio refraction with the
CRPL Exponential Reference Atmosphere and with values
derived from the 4 /3 atmospheric model [from Bean and

Thayer, 1959c] .
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